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In our previous paper (Rend. Circ. Mat. Palermo 6 (1984), 259-269, we proved a 
general Laurent expansion for monogenic functions in symmetric domains of Iw” + r, 
depending on the kind of symmetry involved. In this paper we consider axial 
symmetric domains and we apply our results in order to introduce new special 
monogenic functions. We investigated axial exponential functions, generalized 
powerfunctions and generalized Hermite polynomials. 0 1988 Academic PXSS, I~IC. 
In [l-3, 121 a hypercomplex function theory has been investigated 
which generalizes in a natural way the theory of holomorphic functions of 
one complex variable to the (m + 1)-dimensional Euclidean space. These 
functions, which are called monogenic, take values in a Clifford algebra d 
over R” or C” and satisfy the equation Bf = 0, where I) = (+‘&x,) + D,, 
D,, = cy! I ej (a/ax,) being the Dirac operator in R”. 
In [8] we introduced so called inner and outer spherical monogenic 
functions, which generalize the functions z -+ zk, k E N and z -+ zPk, k E N;, 
and which form a refinement of the theory of spherical harmonics. 
Furthermore in [lo] we have shown that when 52 c Rm+ ’ is open and 
invariant under SO(m), then every left monogenic function f may be 
written in the form 
f(x) = f nkf(xL 
k=O 
where Z7, f(x) is left monogenic and in cilindrical coordinates (x0, p, w), 
17,f(x) is given by 
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such that Ak.,,, and B,., satisfy the Vekua-type system (see [15]) 
-& A/w, - a B/c>, = 
0 ap 
k+m-1 B 
P 
kw 
=j$ Bk,<o +PAe,,=$,w 
0 ap 
Throughout this paper we consider the case where Ak,Jxo, p) = 
A(x,, p) Pk(W) and BkJxo, p) = B(x,, p) Pk(u), for some inner spherical 
monogenic function Pk(W) and some [w- or @-valued functions A and B. 
First, we introduce axial exponential functions 8k,m(xo, p) by assuming that 
A(xo, P) = e”Wp) and B(xo, P) = eWp), 
for some real valued functions a(p) and b(p). Furthermore we show that 
ek,,(ixO, b) = f Rk,,(xO, p) 1’, 
/=O 
where &,(x0, p) Pk(W) fOrIn a basis for the spaces Of inner spherical 
monogenics in [w” + ‘. Next we construct generalizations of the power 
functions z + z’, c( E @, giving rise to so called inner and outer power 
functions Ps,k,m(X07 P) Pk(w) and qs,k.m(xO~ P) Pk(W)y SE @, and we prove 
that they provide a basis for all spaces of inner and outer spherical 
monogenics in KY+ I. In the fourth section we study the transformation 
+1 +‘X 
AZ (f)(x + x0) = o,+I Jo 
x,+t--x 
IXo+t+Xl*+1+2k f(t) & 
and we prove that A: (t”) = ,45 is defined for - 1 < Re c1< m + 2k - 1 and 
may be extended for UEC\({-1, -2,...}u{m+2k-l,m+2k,...}). 
Furthermore we express the power fUnCtiOnS Ps,k,m and q&,, in terms Of 
A5 and we show that a basis for the inner and outer spherical monogenic 
functions is obtained by considering the residues of ,45 in the first order 
poles a E {m + 2k - 1, m + 2k, . . . } and a E ( - 1, - 2, . . . }. In the final section 
we start from an inner spherical monogenic function Pk(x) in [w” and we 
consider the left monogenic extension to UP+’ of exp( - lx12/2) P,Jx), 
which is an axial monogenic function of degree k in KY+‘. Furthermore 
this extension may be written into the form 
e-1x12/2 Oc Hl,m,k(X) x:, 
= l! Pk(X), /=O 
where H,m,k( ) x are polynomials in the “variable” x = c,?! 1 ejxj, generaliz- 
ing the classical Hermite polynomials, which correspond to the case m = 1, 
469,f130/1-8 
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k = 0. It is also shown that the polynomials H,,m,k Pk form an orthogonal 
basis for the right d-module of square integrable functions with respect o 
the weight function exp( - 1x1 2/2). 
PRELIMINARIES 
In the sequel we always consider functions with values in a complex 
Clifford algebra d. The complex Clifford algebra over C” is defined as 
d= i c a,e,:a,E@ , A E { l,...,m} I 
where e, = e,, . . . ecrh with A = {a,, . . . . a,}, a, < ... <cl,,. Moreover 
e,=e,= 1, eik) =ek, k= 1, . . . . m, and the product in SQ is determined by 
the relations e: = - 1, k = 1, . . . . m, and eke, + ejek = 0, k # j, k, j = 1, . . . . m. 
An involution on & is defined by Cs = C, E t 1 ,.,,,,) a,F,, where 2, = 
e,, . ’ . F,, and 2, = - em,. As d is isomorphic to CZh we may provide it with 
the C2m-norm Ial and one sees easily that for any a, bed, la .bl < 
2”‘21al . Ibl. The element (x,, x) = (x,, xi, . . . . x,) E llV’+’ will be identified 
with the Clifford number x0 + x = x0 + c,Y=, ejxj. Note that if 
x=x,+xEw+‘, x=x,-x. 
Let Q E OF+’ be open and let f~ C,(s2; &). Then f is called left 
(resp. right) monogenic in 52 if Df = ~,~zo ej (d/ax,)f= 0 (resp. 
fD=~,“=o(i5flcYxj)ej=O) in 52. Hereby D = cj’!! o ej (a/ax,) stands for the 
generalized Cauchy-Riemann operator. We also write D = (d/ax,) + Do, 
where Do = cj~, ej(a/axj) is the Dirac operator in R”. Nullsolutions to the 
Dirac equation in open subsets of Iw” will also be called left or right 
monogenic. Note that dD = A,,,+, and D$ = -A,, A, being the m-dimen- 
sional Laplacian. In the sequel we also use the concepts of spherical 
monogenic functions in R” and R”+ ‘. A left mOnOgeniC fUnCtiOn Pk in 
iI-8 m + ’ (resp. Rm) is called inner spherical monogenic of degree k if it is 
homogeneous of degree k, i.e., P,Jx) = Pk(x/lx/) lxlk (resp. PR(x) = 
Pk(x/lxl) Ixlk), while a left monogenic function Qk in UP+ l\(O) (resp. 
[w”\{ 0} ) is called outer spherical monogenic of degree k if it is 
homogeneous of degree -(k + m) (resp. -(k + m - l)), i.e., 
Q/c(X) = Qk (5) 1x1 --(k+m) (resp. Qk(x) = Qk (i) 1x1 --(k+mP’)). 
In [8] we have shown that P, and Qk- I are spherical harmonics of degree 
k and conversely, every spherical harmonic of degree k admits a unique 
decomposition of the form Sk = Pk + Qk _ i , P, and Qk _, being inner and 
outer spherical monogenics of degrees k and k - 1. It should also be noted 
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that if Pk is inner spherical monogenic of degree k in UP, 
epPk(x)/(x12k+m-1 is outer spherical monogenic of degree k in l!V\ {0} 
and that this map is an isomorphism between the corresponding right 
d-modules. Hereby eP = x/1x1. Let us recall that the spherical Cauchy- 
Riemann operator f, in W is obtained by expressing D, in spherical 
coordinates by means of the relation 
Note that F, is a bivector operator depending on the angular coordinates 
only and - r, = xi < i eU(xi( a/&cj) - xj( a/&,)). 
Furthermore for inner and outer spherical monogenics P, and Qk, 
r,P,= -kP, and Z-,Qk=(k+m-l)Qk. 
1. AXIAL MONOGENIC FUNCTIONS 
Let sZGlR”+’ be open and invariant under So(m). Then in [lo] we 
have shown that every left monogenic function fin Q admits an expansion 
of the form 
f(x) = f nkfb), 
k=O 
where flkf is a so called axial monogenic function of degree k. Let 
(XO,p,W)ERXR+XSm-l be cylindrical coordinates determined by 
x=x,+pw in UP+‘, then we have shown that nkf may be written in a 
unique way in the form 
nkf =Ak,w(xoy P) fepBk,o(XOj p)? 
where eP = w and where for (x0, p) fixed, Ako(xg, p) and Bk,o(XO, p) are 
inner spherical monogenics of degree k on S”- ‘. Furthermore we have 
shown that for o E S”- ’ fixed, Ak,o(~O, p) and Bk,w(Xg, p) are solutions to 
the equations 
(i) ,,tar$&,a,=k+,-l &,w, 
a0 a k 
(ii) -&,+----A,,,=-Akw. 
8x0 8P P ’ 
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In the sequel we shall consider special solutions to the equations in (i), (ii), 
which may be written in the form 
hwJ(xcl, PI = 4x0, PI P/c(a), 
&,w(xcl? PI= B(XO~ PI P/c(W) 
where Pk(m) is an inner spherical monogenic function of degree k and 
where A and B are R- or C-valued functions. The system (i), (ii) reduces to 
exactly the same system, where the functions Ak,o, B,,, are to be replaced 
by A and B. 
Furthermore we often consider Cauchy-Kowalewski-type extension 
problems of the following form. Consider an analytic function f(x) in an 
open annular domain in R”, which is of the form (A(p) +e,B(p)) PJo), 
Pk(m) being inner spherical monogenic of degree k. Then it is sufficient to 
solve the system (i), (ii) with the initial conditions A(0, p) = A(p) and 
B(0, p) = B(p) in order to construct the left monogenic extension f(x) = 
(Ah, P) + e,Woy PI) C&4 WOO H ence the theory of axial monogenic 
functions is being used in order to calculate Cauchy-Kowalewski exten- 
sions of analytic functions explicitly. We shall give several examples in the 
following sections. 
2. AXIAL EXPONENTIAL FUNCTIONS 
We consider solutions to the system (i), (ii) of the form 
4x0, P) = exo4p), 
B(x,, P) = exOWp). 
We then obtain the equations 
(iii) a(p) -b’(p) = 
k+m-1 
P 
b(p), 
(iv) 6(p)+o’(p)=~4~). 
From (iv) we obtain 
(v) 
k k 
-b’(p) =a”(~)-;u’(P) +-y4~)> 
P 
which, together with (iii), leads to 
(vi) 
m-l 
u”(p) + - 1-(k+m-2)k 
P P2 > 
u(p) = 0. 
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The equation in (vi) is known as the equation 
the reduced wave equations (d, + l)f=O (see 
It has solutions of the form 
for the radial solutions of 
C4, 161). 
being the Bessel function. Note that a(p) is of the form #A(p) with 
21-k-(m/z) 
A(o)=Cr(k+ (m/2))’ 
Hence, if we assume the initial condition A(0) = 1, we obtain that 
U(P) = 2 1-(m’2)Jk+(m,2)-1(P). 
As to the function b(p) we have that 
where 
and 
Hence 
a3 T(k+ (m/2))(-1)’ p 
0 
21 
4P)=Pk 1 k=O I! T(k+1+(m/2)) 2 
k+’ c0 21Q+(m/2))(-1)’ p 2’-2 
,=1 I! T(k+ I+ (m/2)) 2 0 * 
k+’ m r(k+ (m/2))(-1)’ p 2’ 
,=,r!T(k+z+l+(m/2)) 2 0 
We now put 
ex0p1-‘m’2)(J,+(m,2)--1(p)+epJk+(m,2)(p))~ > 
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then &&,Jq,, p) PJw) is axial monogenic of degree k and will be called an 
axial exponential function of degree k. 
As a series we have that 
4+(x0, p) = eY4p) +e,O)) 
= exOpk 1 O” T(k+(m/2))(-1)’ p ‘I 1+ x 
,=. I! T(k+(m/2)+1) 2 0 ( m + 2(k + I) 
from which it easily follows that lim, _ 0 P-~&J+,, p) = eXo. Furthermore 
We have that (a/ax,) ~k&O, P) = ~k,mbO, P) So that g;c,,,bO, P) Pk(m) 
satisfies (x7= 1 ej(8/axj) + 1) f = 0 and so, &&(O, p) Pk(w) also satisfies 
(d, + 1) f = 0, as we could expect. 
We now introduce new functions &(x0, p) by means of the formula 
E;,,dXO, ‘@I = f Rk,,(xOv P) I’, 
/=O 
which leads to 
Rk,,(xO, P) = 
[. 
f -$ &n(~xO, Ap) 
1 A=0 
We now have that 
( ) fj h Wd + e,W)) 
so that for k + h even 
K > 4 h (4b) + e,Nlp))] A=0 
=h! ph 
f((m/2) + k)( - l)(h-k”Z 
2h-k((h - k)/2)! I’((m + h + k)/2) 
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while for k + h odd 
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2=0 
h! P 
h-l 
=m+k+h-12h-k-1X 
r((m/2)+k)(-l)‘h-k-‘)‘2 
((h-k- 1)/2)! r((m+k+h- 1)/2) 
Note that for h < k all terms vanish. Hence the highest power in x0 is 
obtained for h = k and the corresponding coefficient is equal to 
1 l! i-k k 
nk! (1 -k)! 
Xb-kpkk! = ???& 
(Z-k)! 
Note that &,(x0, p) Pk(W) iS a homogeneous mOnOgeniC polynomial of 
degree 12 k and vanishes for 1 < k. Hence we have a set &k + s Pk of inner 
spherical monogenic functions of degree k + s which admit the functions 
&k,m(&, Ap) Pk as generating functions. In the following section we shall 
show that this set of polynomials is a basis for all spaces of inner spherical 
monogenic functions. 
3. GENERALIZED POWER FUNCTIONS 
In this section we shall construct generalizations of the functions z -+ za, 
a E (w + or a E @ in the Complex plane. The polynomials &P,(o) will be 
expressed in terms of these powerfunctions. 
First of all we shall put the functions A(x,, p) and B(x,, p) into the form 
4x0, P) = CEO xbW and ho, P) =CEo 4,&W. 
The restriction of (A +e,B) Pk(m) to [w” then equals (A,(p)+ 
e,&,(p)) P,(p). Hence in order to caiculate Cauchy-Kowalewsky extensions 
it is sufficient to give A,(p) and E,(p) and to solve the system (i), (ii), 
which now may be rewritten in the form 
(vii) A[+,=-!- B;+k+m-l B, 
Z+l ( 
E,+l=+4;+;:,). 
> 
The generalized power functions will contain a complete basis for the 
Fueter polynomials (see [ 1, 33) as well as the monogenic extensions of all 
Riesz potentials (see [6, 131). We shall distinguish between so-called inner 
and outer powerfunctions. 
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3.1. Inner Power Functions 
We now assume the initial conditions 
4,=pS, B,=O, SEC. 
The solution of (vii) is then given by 
A 21+ I = &I= 0, 1E N, 
A =(-l)r*‘r([+1-((k+m+s)/2))r(l+(k-s)/2)p~_*, 
21 (21)! r(1 -((k+m+s)/2)) f((k - SIP) 
and 
B 
(- 1)‘22’f 1 
*‘+ l= (2Z+ l)! 
T(I+l-((k+m+s)/2)r(l+1+((k-s)/2))p~~2,~, 
r(l -((k+m+s)/2) Z-((k - SIP) 
and this for 1 - ((k + m + s)/2), (k - s)/2 # { 0, - 1, - 2, . . . >. 
We now obtain that, in terms of the hypergeometric function 
k+m+s k-s 1 x; 
2 q-;Yj; ---y 3 
B(x,,p)=(k-s)x,p”-‘F 
k+m+s k-s 
2 
and hence the function 
is complex left monogenic in the region given by Iz$ < ICY z,‘I and is called 
an inner power function. 
Note that the conditions 1 - ((k + m + 1)/2), (k - s)/2 $ (0, - 1, -2, . . . f 
can easily be removed. 
The function P~,~,,, P is a polynomial with respect to x0 as soon as for 
certain I E N, k + m + s = 2Z+ 2 or k - s = - 21. Hence we have to consider 
the cases where for a certain I E N, s = 21- k - m + 2 or s = 21+ k. When 
s= k we obtain that pk;k,mPk =p“P,Jm), which is an inner spherical 
monogenic function of degree k in R”. When s = 21+ k, ps,k,m Pk is an inner 
spherical monogenic function of degree 21+ k in R”‘+ ‘. 
Furthermore p2, + k.k,m P, is of degree 21 in x0 and the highest order term 
in x0 equals 
x~I ( - 1)‘2?! 
(21)! 
I- I +;+k)---(y+k)p*. 
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But we now have that Rk,Z(+klxo=O is proportional to p*‘+ k so that, in view 
of the uniqueness of the Cauchy-Kowalewski extension (see Cl]), 
P21+ k,k,m =(-1)‘,!2”(,-l+;+k)++k)R,,,+,. 
When for a certain in N, s = 21- k - m + 2 and when m is odd, ps&,, Pk iS 
never a polynomial in x, whereas for m even, ps,k,m P, is polynomial if and 
only if s 3 k. In the case S> k, however, there exists I’ E N such that 
s = 21’ + k, so that, in view of the previous case, ps,k,m Pk is porportional to 
the inner spherical monogenic function Rk,2,+k. When, for eXaIIIpk, I= 0, 
s=2-k-m, 
Ps.k,m = P 2~k~m+(2k+m-2)x,p1-k-“e,, 
which is singular for p -+ 0. 
3.2. Outer Power Functions 
We now assume the conditions 
A,=O, B, = /I’, SEC. 
Then the solution to (vii) is given by 
A,[= &,+ 1 =O, l=N, 
B =(-1)‘22’lJl+((1-s-k-m)/2)f(l+(k-s+1)/2)p~p21 
2/ (21)! f((1 -s-k-m)/2) f((k-s+ 1)/2) 
and 
A 
(-1)‘+122’+‘~(f+1+((1-~-k-m)/2) 
2’+‘= (2Z+ l)! r((l -s-k-m)/2) 
’ 
r(l +((k-s+ W)ps-12,+,j 
I’((k-s+ 1)/2) 
Hence we obtain that 
B(+,,P)=P”F 
k-s+1 l-s-k-m 1 -4 2 9 2 ;j;-7 ’ > 
A(x,,p)=(s+k+m-l)x,psp’F 
k---s+1 3-s-k-m 3 
2 , 2 
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and so the function 
4s,k,mPkW = (&x0, P) +e,Woy P)) PkW 
is complex left monogenic in the region given by lz,$ < 1x7 z,?l and is called 
an outer powerfunction. The function qr,k,mPk is polynomial in x0 as soon 
as for a certain IEN, s=21+1--k-m or s=2Z+k+l. Furthermore, for 
s=21+k+ 1, qs,k,m Pk is an inner spherical monogenic function of which 
the highest order term in x0 equals 
*I+, k (- 1)‘1! 22i+ l
x0 P 
T(k+l+ 1 +(m/2)) 
(2Z+ l)! r(k + (42)) ’ 
Hence qs+, Pk is a spherical monogenic of degree 21+ k + 1. Furthermore, 
in view of the uniqueness of the Cauchy-Kowalewski extension, we obtain 
that 
q2l+k+ I,k,m 
= ( - 1 )‘I! p+ 1 r(k+(+1+(m/2))R 
r(k + (42)) 
k.Zl+kfl. 
When s = 2/+ 1 -k - m and when m is odd, &&,,Pk is always singular at 
p = 0 while for m even and s > k + 1, q&,,Pk is an inner spherical 
monogenic function of the form Cte R,,,,, + , Pk. When s < k + 1, qS,k,mPk 
is always singular at p = 0. 
We now come to 
THEOREM 1. The polynomials of the form ps,k,m P,, s = 21+ k and 
qs&,,Pk, s=21+ 1 +k or equivalently [(l/~!)(a/aA)~ ~~,m(AxO, lp)],,,Pk, 
form a basis for the space of inner spherical monogenics of degree s. 
ProoJ: Let Pi be an inner spherical monogenic function of degree s; 
then Pi may be written into the form 
pxxo, x) = i x:,P&(x), n Gs, 
I=0 
such that P:,,(x) #O. Hence we obtain that cJ’= r ej(a/8xj) Pz,, = 0, which 
implies that Pf,S is an inner spherical monogenic of degree k = s - n in R”. 
When n is even, we hence may find a constant C,E R such that 
P:(xo, x) - c,p,,,-,Jxo, p) Pi,,(o) may be written into the form 
C;:,’ x6 P:,(x), whereas, when n is odd, a constant ci E R may be found 
such that &(x0, x) - c~q,,,-,,Jxo, p) P:,,(o) may be written into the form 
C;zd 4 P:,,(x). 
Furthermore C;:J xhP,,,(x) = PI is again an inner spherical monogenic 
of degree s, so that we may apply our previous construction on Pr. Con- 
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tinuing in this way we find that, after at most n steps, P:(x,,, x) has been 
expressed as a linear combination of polynomials of the form P*,~,~F’~, and 
9 s,k,m pk. 1 
We now want to construct a similar basis for the outer spherical 
monogenics of degree s E N. To that end we apply inversion of monogenic 
functions (see [S, 141). Let us recall that iff(x) is left monogenic in O’P+‘; 
then the function 
is left monogenic in R *+ ‘\{O}. Furthermore, when P: is inner spherical 
monogenic of degree S, then the inverted functions (X/lxl”“’ +2S) P,( &X) 
are outer spherical monogenic of degree S. Hence, in view of Theorem 1, it 
is sufficient to invert the functions pzl+ k,k,mPk and q2,+ k + I,k,mPk in order 
to obtain bases for the spaces of outer spherical monogenic functions. We 
shall now calculate these inverted functions. First note that the monogenic 
functions ps,k,m Pk and q&,,Pk, s E C, are homogeneous of degree S. Hence 
the functions 
and 
give rise to axial monogenic functions j?&,,Pk and 4&,,Pk and the 
functions d z,+ k,k,mPk and &,+ k + I,k,mPk form bases for the spaces of outer 
spherical monogenic functions. 
However, as 
ijs,k,mt”? P) = 
P 
and 
gs,k,m(“, P) = 
P 
we obtain that, in view of the uniqueness of the Cauchy-Kowalewski 
extension. 
ps,k,m = - q-m-s,k,m 
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and 
4s.k.m = P -m - s.k,m 
Hence we come to 
THEOREM 2. The functions qwm-&,,Pk, s=2l+k and p-,,-&,,Pk, 
s = 21+ 1 + k, form a basis for the space of outer spherical monogenics of 
degree s. 
4. THE TRANSFORMS A: 
First, consider the generalized Cauchy transforms 
n*(f)(x+xg)=&iJO+m ,x;$+I f(t)dt, 
f being a suitable function or distribution on [0, + cc [ and w, + , being the 
area of S”. Then, when f is considered as a distribution in R, concentrated 
in [0, + cc [, A *(f )(x + x0) is left monogenic in R”+ ‘\{x: x = 0, x0 2 0} 
and 
l&A’(f)= ?Ak(S’). 
In particular, for f = xcO, + mC, A*(f)(x)=A*(x), where A*(x) is the 
logarithmic monogenic functions studied in [7] and [9] and we have that 
&J’(f)= &A’(6)= l - 
,,j+- w 
We now want to generalize the transforms A * in order to obtain an 
integral representation for ps,&,, and qs.k,m. Let Pk(x) = pkpk(o) be an inner 
spherical monogenic function of degree k in R”. Then the function 
x + Pk(x) is inner spherical monogenic of degree k in IV+’ so that, using 
inversion, (Z//lx1 m + ’ + 2k) Pk( x) is outer spherical monogenic of degree k in 
lTP+l. Moreover when k= 0, we reobtain the Cauchy kernel 3//Ixlm+ ‘. 
The transforms A: are defined as follows. 
DEFINITION 1. Let f be a function on [0, + a[ such that 
f(t)/(l+ tm+2k )EL,(R+). Then we put 
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Note that A,+(f) is of the form 
~~(f)=AZ(f)(xo,~)fe,gZ(f)(xo,p), 
where 
and 
Furthermore the function x -+ At(J)(x) Pk(x) is axial monogenic of degree 
k in lR”+l\{x: x=0, x,sO} and we have that 
where f is considered as a distribution on 04. Hence, 
~0(4$u-)(x) P/c(x)) = Ii A2 u-w) P/Ax) 
and as 
~0(4Fu-)(x) P/r(x)) 
(P~MW) + QCXf)) fY4) 
+e” p ((-k)A~(f)+(k+m-l)e,B:(f))P,(x) 
eP$A:(f)-j(Zk+m-l)BZ(f)]P,(x), 
we obtain the formula 
(viii) 
We now study the special case f(t) = P, c1 E C in detail and we put 
AZ(P) = A& = (A& + e,B&). 
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A& is clearly defined for - 1< Re a < m + 2k - 1. Furthermore, when Re a 
and Re a + 1 are between - 1 and m + 2k - 1, formula (viii) leads to 
qk(x) Pk(X) = If ---& DotA b”, ,.k(X) Pk(X)) 
or 
(ix) Azk(x)= i~(~“S,,~+~(2k+m-l)Bd,,,,), 
whence /f&(x) may be extended for all values of C such that 
a # (- 1, -2, . ..} and Re a -cm + 2k- 1. We now calculate /i&(x). For 
x#O and -1 <Recr<m+2k- 1 we have that 
= Ixlor- m+l-2k +* (J a+1 dt (1 +;*)/c+cm+li!2~% a,+1 o 
= IXJa- m+‘-2k(6m,k(a+ l)Tepam,k(a)), 
t” dt 
(1 + t2)k+(m+lU2 
where 
Hence, in view of the uniqueness of Cauchy-Kowalewski extension, 
(x) blk~;k(,(x)=%&k(a+ l)Pa-m+I-k,k,mT~m,k(a)qa-m+I-k,k,m 
As to the function o,,k(a), the formula in (ix) leads to 
%,k(a) = 
m+2k-a-2 
a+1 
Orn,kttl + 2)~ 
so that for a certain constant C 
o,,(rr)=c~(m+~ea) r(q). 
As for a= 1, 
“,,k(l)=cr(“+r-‘) 
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and 
we obtain that C= (1/2c0,+,)T((mf2k+ 1)/2) so that 
um,~(a)=&B(m+~-a,~) 
m+l 
= g’mk , (m+2k-1-a). 
Hence G~,~(cx) has first order poles in the points - 1, - 3, . . . and m + 2k, 
m + 2k + 2, . . . . and so pa _ m + r ~ k,&,, and qa _ m + , - k,k,,,, may be expressed in 
terms of A5 for a${-1, -2 ,... }u{m+2k-1, m+2k ,... }. For 
a E { - 1, - 2, . ..} u (m + 2k - 1, m + 2k, . ..}. A,l, has first order poles and 
we have that 
(xlkRes(/lzk -21-l)= fRes(U,,k(a), -21-l)q-,-kP2/,k,, 1 9 
and 
IXlk Res(A,i, -2f-2)=Res(o,,,(a), -2i-- 1) p-,,p&-2f-L,k.m, , . 
which, by Theorem 2, yields a basis for the outer spherical monogenics of 
degrees k + 21 and k + 21+ 1. Furthermore, 
blk Re&‘& m + 2k + 21- 1) = Res( o,,,J a), m + 2k + 21) p2/ + k,k,m 
and 
lxlk Res(A:k, m + 2k + 20 = fRes(u,,,(a), m + 2k + 21) q21+k+ l,k,m, 
which, by Theorem 1, yields a basis for the inner spherical monogenics of 
degrees 21+k and 21+k+ 1. 
Note that we also have the relation 
lXlkA& 2 + 2k - rr,k 
=o‘mk , (a) Pk - oL - 1,k.m q om,kta + 1 ) qk - a - 1,k.m 
= k (urn,k(a + 1) dol+ 1 + - k,k,m f cm,k(a) 6or + I -m ~ k,k,m)? 
which leads to the inversion formula 
lxlkfl& 2+2k-m,ktX) = * lxlkA:k(x). 
In our paper [ 111, we investigate the microfunctions 
n: (f)tx) PkcX) = f A.$ (f)tx f O) Pk(X), 
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which are supported by the origin. We give a meaning to these 
microfunctions in terms of Riesz potentials and we calculate their Fourier 
transforms in the sense of d-valued microfunctions. 
In the following section we give another example of how the 
Cauchy-Kowalewski theorem leads to new special polynomials. 
5. GENERALIZED HERMITE POLYNOMIALS 
5.1. Radial Hermite Polynomials 
Before constructing our first generalization of the Hermite polynomials 
we recall the main definition of the classical Hermite polynomials. The 
polynomials H,(x) are the ones which arise naturally in the Taylor 
expansion 
e 
which is clearly equivalent with 
e $7 - _ f. exv2 H$) t”, z = x + it. 
Hence they are the result of calculating the holomorphic extension of ex2’* 
in a special way. In [w” we consider the function 
e-1x~2/2=e-~:l*~~.e-x~/2 , the monogenic extension of which may be written 
in the form (see [ 11) 
In analogy with the one-dimensional case we may put 
e t pzf/2 0.. . 0 e-d2 = e-iX12/2 kt, b Hk,&x), 
for some functions Hk,Jx) in Iw” and for m = 1 we have that, identifying e, 
with -i, 
e - (x + if)2/2 = e - ~$2 = e - x2/2e - ixl + (t2/2) 
=e - x2/2 
while on the other hand 
e -=:I* - -e -x2’2 kz, 2 Hk,l( -ix). 
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Hence we obtain the formula 
Hk(x) = ikHk,J( -ix). 
We call the functions Hk,Jx), which will turn out to be polynomials in x, 
radial Hermite polynomials in m-dimensions. Later on we shall construct 
further generalizations of Hk(x) in order to obtain a full basis of L2(Rm). 
The word “radial” refers to the fact that the function e-rxl*/*, which gives 
rise to Hk,m, is invariant under SO(m). 
First, it follows immediately from the monogenicity of e+1’/* 
ck”= o (Hk.m(X)/k!) X$ that 
H k + ~,m(~) = (x - &I) Hk.m(Xb 
As H,,(x) = 1, we obtain that 
H,,,(x) = x, H2,,Jx) = x2 + m, 
H3,,,(x) =x3 + (m + 2) x, 
H+,(x) = x4 -t 2(m + 2) x2 + m(m + 2) 
and so on. Note that Hk,Jx) is indeed a polynomial of degree k in the 
“variable” x = c,?!, ejxj. Furthermore H2k,m only contains even powers of 
X while HZk+ ,,m only contains odd ones. In particular we can think of 
Hk,m(t) as polynomials on the real line, which justifies the notation 
Hk,r( - it) used above. A direct formula for Hk,* is obtained as follows: we 
have that Ho,,(x) = 1 and 
Doe ,- lX12/* = - xe- 1X1*/* = _ H,,,(x) e-. lx12/* 
Die-1”12/* = - D,(H,,,(x) e-1’12/*) 
= (x - D,)( H,,,(x)) e ~ W* 
= H,,,(x) e ~ W* 
and similarly 
Hk,m(x) = (- 1 )kelx12/*Dge- lx12/*, 
From this formula one obtain 
THEOREM 3. The polynomials Hk,Jx) are mutually orthogonal in R” 
with respect to the weight function e-1x12’2. 
Prooj As Hk,Jx) is a polynomial of degree k in x it is sufficient to 
show that for each 1 E N and k < 1, 
e ~ 1x12/2~kH,m(~) dx = 0. 
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We do this by induction on 
theorem, for every I> 0, 
k. For k=O we have that, by Cauchy’s 
i ep’x’2/2H,,m(~) dx iWm 
= 
I 
(-l)‘DLe- 1x1*/2 = 
s 
da( - l)$;- 1 e-lxl2/2 = 0. 
UP dw 
Assume that the orthogonality holds for k-l and I>k-1 and let l>k. 
Then we have that by Cauchy’s theorem, 
s 
e ~ ‘x’2’2~kH, ,,Jx) dx = s e-1x12/2(xkDO) HIP Jx) dx. w w 
For k=2s, xkDo= -kxk-’ while for k=2s+l, xkD,= -(k+m-1) 
xk-‘. Hence xkD, is proportional to xk-’ so that, in view of the induction 
hypothesis 
I Rme- ‘“‘2’2~kH,,,(~) dx = 0. 1 
We now want to obtain a differential equation for Hk,m which generalizes 
the equation 
H:;-xH,+nH,=O, 
satisfied by the Hermite polynomials. 
First we put 
a k,m = ( - 1 )k jRm ep ‘x12/2H&,(x) dx, 
which clearly is a positive number. 
Next we have that 
= - xe-‘x~2/2D,Hk,m(x) + e-‘“‘*‘*D~Hk,Jx) = pk(x) e-‘x’2/2, 
pk being a polynomial of degree k in x with real coefficients. As 
{Ho,, 3 ..+> Hk,m > is clearly a basis for these polynomials, there exist real 
constants c, such that 
@&m(X) - ~oHk,,(X) = c c,H,,,(x). 
I=0 
CLIFFORD ANALYSIS 129 
Furthermore for I< k, using Cauchy’s theorem, 
= 
I w 
((H,,,(x) Do) ec1x12/2Do) Hk,Jx) = iRrn ecix12~*p;(x) H.&x) = 0, 
p;(x) being a polynomial of degree I in x. Hence for I < k, cI = 0 and so 
there exist real constants Ck., such that 
We now calculate C,,,. First, note that Ck,, are eigenvalues of 0; - xD,, 
admitting radial polynomial eigenfunctions when k is even and polynomial 
eigenfunctions proportional to eP when k is odd. We first calculate the 
radial solutions of 
(Di-xD,-I)f(p)=O. 
As 
DcJIP) = e,f’(p), -~&S(P) = d’(p), 
D&~(P) =D&J’(p) = -f”(p) +f’(p) Doe, 
= -f”(p) 2!+(p) 
so that 
(xi) 
and we need solutions of the form XI”=, A,,p*‘=f(p). This leads to the 
equations 
(21+2)(21+m)A,,+,=(21-I)A,,, 
so that a polynomial solution of degree 21 can only occur in the case ,I= 21. 
Hence CZk,m =2k. As for C2k + I,m, we have to consider solutions of 
(0; - xDo - 1) xf(p) = 0. 
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DoXf(P) = -d-u) - mfb) 
GXf(P) = -; (f’(P) + P!(P) + mf’b))* 
(xii) f”(~)+(((m+l)l~)-~)f’(p)+(~-m)f(~)=O, 
and we have to consider solutions of the form XI”=, A,,p*‘. These solutions 
can only be polynomials of degree 21 if A= 21+ m. Hence C,, + I,m = 2k + m. 
Solution of the equations (xi) and (xii) yields explicit formulae for the 
radial Hermite polynomials. 
5.2. General Hermite Polynomials 
The Radial Hermite polynomials form a basis for the space of L, 
functions of the formf(x), where f is a function on the real line, but not of 
the space of all L,-functions in Iw”‘. 
In order to obtain a basis for L2(W”), we introduce general Hermite type 
polynomials which depend on a parameter k E N, such that for k = 0 we 
reobtain the radial Hermite polynomials. Our construction is as follows. 
Let Pk(x) be inner spherical monogenic of degree k. Then the monogenic 
extension of the function 
may be written into the form 
e - 1xw* a3 A,(p) + e,Bh) 
c I! +%X)~ I=0 
and the system (vii) leads to the recursion formulae 
A ,+I=&+ 
2k+m-1 
P 
-P B,> 
> 
B /+1= -A;+pA,, 
A,= 1, Bo=O. 
We now define the generalized Hermite polynomials H,,,,,(x) by means of 
Hh,k(x) = A,(P) + f@,(p). 
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From the monogenicity of 
e ~ w2 m Hl,m,k(X) 4 c l! Pk(X)? I=0 
it follows immediately that 
H ,+ ,,m,k(x) PAX) = lx - DoNHl,m,Ax) PAX)). 
Hence we obtain that 
whereas 
H 2/+ l,m,k = (“ - Do) Hx,m,k, 
H 2lf 2,m.k P k 
=xH 2,+l,m,kPk+D0 P2k+m--‘epH21+l,m,k 
( 
epPk 
P > 
Zk+m-I ’ 
since H21,m,k contains only even powers of x while HZl+ ,,m,k only contains 
odd ones. Hence we have that 
2k + m - ‘ep H2, + 1,m.k 
epPk 
P 
Zk+m-1 
=&(P 2k+m--epH2/+,,m,k) 
epPk 
P 
Zk+m- 1 
and 
DO(P 2k+m--epH2~+~,m,k) 
a 
=ep- (P 
aP 
2k + m ~ ‘ep ff21+ 1.m.k) 
= -(2k+m-I)p2kt”~2H~~+~,~,~-p2k~m~’~H~~+,,,,, 
and as 
a 
ep - H2, + I,m,k = 
ap 
DO - 2/+ 1,m.k 5 
we finally obtain that 
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For example, 
H -1 O.m,k - 9 
H 1,m.k = x~ 
H 2,m,k = X2 i- 2k + m, 
H 3,m,k = X3 + (2k + m + 2) X, 
H 4,m,k = x4 + 2(2k + m + 2) x2 + (2k + m)(2k + m + 2), 
H ,,,,,,=xS+2(2k+m+2)x3+(2k+m+2)(2k+m+4)x. 
One also has the formula 
H [,m,k Pk(x) = e’x’2’2( - 1 )‘Di(e- ‘x’2’2Pk(x)), 
which, similarly to Theorem 3 leads to 
THEOREM 4. When 1 #s or k, #k,, we have the orthogonality relations 
e-‘x’2’2pkl(x) ~,rn,k,(x) Hs,m,k2tX) Pk2tX) = O. 
Proof When k, # k2 and I = S, the orthogonality follows from the fact 
that Pk,(x) and P,,(x) are spherical harmonics of different degrees. When 
if s, the proof is similar to the one of Theorem 3. For 1 even, 
(pk,tx) x’) DO = gk,(x)(xrDO) 
while for 1 odd, 
(Pk(X) x’) DO = Pk(X) 
P 
,,2’,-, x’epp2k+m-1 Do 
> 
= 2ft>p 1 p,-,(x) epp2k+m-1, 
P 
for some polynomial of degree I - 1 in x. 1 
Let h be a positive function on R”. Then we consider the inner product 
(f, g) = j-. h(x).flf(x) g(x) c-ix 
and the asssociated norm 
v-II2 = L-u; f)lo* 
The right &‘-module of measurable functions in 08” for which llfl12 < cx) is a 
Hilbert &-module which we denote by L,(R”, h). 
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We now have 
THEOREM 5. The set of functions ( H,,m,k P, : I,k E N ), Pk being an inner 
spherical monogenic of degree k is a basis for L,(lV, exp - 1x1 2/2). 
Proof. One can easily show that the set of functions mentioned above 
forms a basis for all d-valued polynomials in R”. The theorem easily 
follows from this. 
We make use of the expansion of analytic functions on S”- ’ into 
spherical monogenic functions. 1 
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